We investigate the dynamics of highly polydispersed finite granular chains. From the spatiospectral properties of small vibrations, we identify which particular single-particle displacements lead to energy localization. Then, we address a fundamental question: Do granular nonlinearities lead to chaotic dynamics and if so, does chaos destroy this energy localization? Our numerical simulations show that for moderate nonlinearities, although the overall system behaves chaotically, it can exhibit long lasting energy localization for particular single particle excitations. On the other hand, for sufficiently strong nonlinearities, connected with contact breaking, the granular chain reaches energy equipartition and an equilibrium chaotic state, independent of the initial position excitation.
Granular solids are densely packed assemblies of polydisperse grains commonly found in nature and industry [1] [2] [3] . Recent technical and conceptual advances on the vibrational analysis of micro [4] [5] [6] and macro [7] granular solids led to a better understanding of their dynamics and revealed novel mechanical features. In addition, mesoglasses made as granular assemblies of brazed aluminum beads have also been used for fundamental studies in glass physics, including classical (elastic) Anderson localization [8] and its mobility gaps [9] . However, to further probe the intrinsic transport and mechanical properties of granular solids, a deeper understanding of the anharmonic grain contact interactions is required, including the Hertzian contact interactions, breaking of contacts and friction [3] . These distinct sources of nonlinearity in combination with features like the polydispersity, make the vibrational energy transport in granular solids complex and an open major challenge in physics.
A prototypical structure to study energy transport in the presence of granular nonlinearities is the onedimensional granular solid, called also granular chain. The study of granular chains, both homogeneous and disordered, is a vibrant area of research [10] [11] [12] [13] [14] , attracting considerable attention. Nevertheless, it was only recently that the significance of the interplay between disorder and nonlinearity in energy transport [15, 16] has been explored. Thus, further studies of the dynamics of polydispersed granular chains are essential towards a better understanding of the energy transport in disordered granular solids. At the same time, disordered granular chains provide a macroscopic experimentally accessible setup for further fundamental studies on the nonlinear dynamics of disordered media. For example, granular chains are ideal test bed for the study of Anderson localization in the presence of nonlinearity and the role of chaos in its long-time dynamics.
The fate of Anderson localization in the presence of nonlinearity in disordered lattice models, like the discrete Klein-Gordon (KG) and the discrete nonlinear Schrödinger (DNLS) equation, has been intensively studied in recent years [17] [18] [19] [20] [21] . It is now well established that nonlinear Anderson localization has probabilistic features [22] . Depending on the initial conditions and the amount of nonlinearity, it either persists or is destroyed leading to energy spreading associated with chaos. For specific models in [23] it was shown that the presence of initial chaos did not imply energy spreading, while in [20] it was shown that chaos is a necessary, but not sufficient, condition for thermalization. Furthermore a systematic study of single site exitations in the KG model was performed in [21] , where it was shown that chaotic dynamics slows down when it is associated with energy spreading.
Aiming to a better understanding of energy localization and transport in granular solids and to highlight the role of chaoticity, in this work we investigate the dynamics of a strongly polydispersed granular chain under single particle displacements. Our results reveal the existence of different kinds of long time behaviors, including chaotic energy spreading, long-lived chaotic Anderson-like localization and energy equipartition. In particular, we report a transition from a weakly nonlinear regime featuring both diffusive transport and Anderson-like localization, which strongly depend on the initial conditions, to a highly nonlinear regime characterized by contact breakings and energy equipartition found to be independent of the initial conditions.
The structure we study here consists of a chain of N spherical particles in contact, having masses m n (n = 1, 2, . . . , N ). The corresponding Hamiltonian H (whose value represents the system's energy) is given by
where H n and p n = m nun are the energy and momentum of the n−th spherical particle, with u n being the displacement of this particle from its equilibrium position, while dots (˙) denote differentiation with respect to time. The potential V n for each particle is defined as
In Eq. (1) hard wall boundary conditions, u 0 = u N +1 = 0, are used. δ n is the relative static overlap due to a precompression force F acting on the chain and is given by
, where A n is the contact coefficient between particles n−1, n. For spheres of the same material
, with E, ν and R n being the elastic modulus, the Poisson's ratio and the radius of the n bead, respectively [25] . The terms [ ] + in Eq. (2) vanish when their argument becomes negative. This happens when a gap between two particles appears i.e. u n−1 −u n > δ n . We normalize units using as a reference the uniform system with particles of radiusR = (α + 1)R/2 where α = max(R n )/min(R n ) is the disorder strength [26] .
Considering small displacements u n 1, we obtain a linearized Hamiltonian with potential
[24] is the linear coupling constant. We chose a particular disordered setup of N = 100 spheres whose radii R n are taken from a uniform distribution, within the range R n ∈ [R, αR] with α = 5 [ Fig. 1(a) ].
Initially we obtain the harmonic eigenmodes and their participation number P = 1/ h 2 n , where h n = H n /H [ Fig. 1(c) ]. At low frequencies, around 10 modes exist with P > 40 exhibiting a localization length of the order of the total chain. These are called propagons [27] and are responsible for the transport of energy [28] of the linearized granular chain, which is a FPU-like lattice. The remaining modes are localized (also called locons [27] ), and among them there are at least 20 strongly localized ones with P 3, a result of high polydispersity.
In Fig. 1(b) we plot the projection coefficients c n m of all possible single site displacement excitations (of the form u n (0) = [0, 0, . . . , 1, . . . , 0]) onto the normal modes of the harmonic chain. The index n counts the number of the bead which is displaced [x axis of Fig. 1(b) ] and m counts the number of the normal modes when they are ordered in increasing frequency ω [y axis of Fig. 1(b) ]. Using Fig. 1(b) one is able to identify particular excitations whose coefficients at the low frequency extended modes, are highly suppressed. Thus, such single site excitations could provoke Anderson localization. Among the different choices here we focus on three particular ones, corresponding to initial displacements of beads n = 56, 60 and 81, for which in Fig. 1(d) ,(e), and (f) we show the coefficients with c n m > 10 −4 .
The natural question that raises is how the granular nonlinearities influence the aforementioned localization. Should we also expect a chaos-induced destruction of localization and diffusive energy spreading as is the case of KG and DNLS lattices? To answer these fundamental questions, we investigate the long time dynamics of the chain after initially displacing particles n = 51, 60 and 81. The energy spreading is monitored by calculating the participation number P and the second energy moment m 2 = n (n −ñ) 2 H n , whereñ = nH n . The system's chaoticity is quantified using the maximum Lyapunov characteristic exponent (mLCE) λ [29, 30] , which is obtained by numerically integrating both the Hamilton equations of motion and the corresponding variational equations [31] by a symplectic integration scheme [32] . Note that λ is evaluated as λ = lim is the so-called finite time mLCE [30] . For chaotic orbits Λ(t) eventually converges to a positive value, while for regular orbits it tends to zero following the power law Λ(t) ∝ t −1 [30] .
We first focus on moderate nonlinearities by imposing an initial small amount of energy in the chain. The dynamics induced by displacing bead n = 56 with H = 0.049 is dominated by the appearance of a nonlinear coupling between three localized modes [33], initially resulting in small oscillations of the mean energy position [solid black curve in Fig. 2(a) ], although eventually the wavepacket starts to spread. The energy transfer between the three localized modes for times t 10 4 appears also as oscillations in the evolution of m 2 and P 
[Figs. 2(d) and (g) respectively]. At t ≈ 10
4 , m 2 starts increasing with a small slope, suggesting a slow spreading, while after t ≈ 10 6 tends to increase with an even larger slope signaling a faster spreading also evident in the energy profile in Fig. 2(a) .
In Fig. 2(j) where we plot the corresponding Λ(t) we observe that after t ≈ 10 3 Λ(t) deviates from regular dynamics (Λ(t) ∝ t −1 ), a clear indication of the chaotic nature of the evolution. Nevertheless, Λ(t) does not remain constant but acquires a new slope Λ(t) ∝ t −ν where ν < 1. Such a slope is associated with a non-equilibrium chaotic behavior: as the wave packet spreads exciting more lattice sites (increasing the active degrees of freedom) the dynamics becomes less chaotic since the constant total energy of the system is divided among more sites. Similar behavior was also observed in Ref. [21] for a KG chain. The chaoticity of the wavepacket is also visible in the frequency spectrum of bead n = 56 shown in Fig. 2(k) , as the distribution practically covers the whole frequency range.
The evolution of the energy distribution, when the bead n = 60 is initially excited with energy H = 0.192, is shown in Fig. 2(b) and the wavepacket appears to remain localized at least up to t ≈ 10 6 . Moreover, since m 2 in Fig. 2(e) is increasing with a very small slope, we conclude that the wavepacket is spreading very slowly up to t ≈ 10 6 . For the same time interval, P remains practically constant [ Fig. 2(h) ]. After t ≈ 10 6 , the wavepacket spreads abruptly and in the last decade of its evolution it appears to have spread throughout the whole chain. At the same time P has taken a maximum value of P ≈ 60 [ Fig. 1(c) ]. Similar abrupt spreadings have been previously observed in KG and DNLS models [19] .
The evolution of the corresponding Λ(t) in Fig. 2 (j) indicates a primal phase of regular behavior up to t ≈ 2× 10 4 when Λ(t) starts deviating from the ∝ t −1 law. Then, during the very slow spreading phase which follows for 2 × 10 4 t 2 × 10 6 , Λ(t) ≈ 10 −4 . This behavior of Λ(t) indicates that the weakly spreading phase is connected to a slow thermalization process induced by the chaotic response and the corresponding chaotic dephasing of the initially excited normal modes. However, following the abrupt spreading appearing in the evolution of the energy distribution in the second column of Fig. 2 , Λ(t) exhibits a 'jump' to higher values. This jump is related to the transition of the motion from a 'small chaotic sea' which is confined in a small subset of the system's phase space, i.e. the motion of few sites around the bead n = 60, to a 'large chaotic sea' which occupies almost all phase space, i.e. the chaotic motion of the whole chain (a similar transition was reported in [34] ). The chaotic nature of the wavepacket is also reflected in the almost continuous frequency spectrum of Fig. 2(l) .
In Fig. 2(c) , we show the spatio-temporal evolution of the energy after exciting bead n = 81 with H = 0.192. Here we have a unique behavior since, contrary to the two other cases, we do not observe a destruction of the energy localization, at least for the considered integration times. Consequently, both m 2 and P remain practically constant [Figs. 2(f) and (i) ]. In fact, according to Figs. 2(c) and (i) only beads n = 80-82 significantly contribute in the dynamics of the system since P ≈ 2. What is more interesting in this case, is the evolution of Λ(t) in Fig. 2(j) , as it deviates from the ∝ t −1 law at t ≈ 2 × 10 5 and appears to remain positive and practically constant until the end of the integration. This behavior indicates that the motion of the localized wavepacket is chaotic. In addition, the constancy of Λ(t) for t 2 × 10 5 stems from the fact that no more degrees of freedom are activated at least up to t = 10 7 . Thus, for this particular case, chaoticity is not sufficient to induce the spreading of the wavepacket. We note here that eventually this Fig. 2 (e)-(h) and (e)-(f) Same as in Fig. 2 
(f)-(i). (g) Λ(t) for the cases of panels (a) and (b).
(h) The time evolution of the normalized spectral entropy η(t) (4) for the cases of panels (a) and (b).
chaotic response could lead to energy spreading through very slow processes such as Arnold diffusion [35] [36] [37] , but to the best of our knowledge this is the first time that such a long lasting spatially confined chaos is reported in a disordered, non-degenerate, lattice system. From the corresponding frequency spectrum in Fig. 2(m) we observe that only a finite range of frequencies located around the fundamental ones and their higher harmonics are excited. According to the spatio-spectral properties of the linear system, the evolving beads n = 80-82, do not participate to linear modes within this range of frequencies [see the red square of Fig. 1(b) ]. This qualitatively explains the robustness of this Anderson-like localization despite the chaotic nature of the wavepacket.
We furthermore, study the dynamics of the chain after single particle displacements with energies an order of magnitude larger than then ones of Fig. 2 to investigate the effect of stronger nonlinearites. Characteristic examples of the energy evolution in this regime are shown in Figs. 3(a) and (b) , after the initial displacement of particles n = 60 and 81 respectively, with H = 2.76. It is directly evident from Fig. 3(a) and (b) , that both wavepackets remain initially localized but finally spread throughout the whole chain, as is also indicated by the mean position of the energy distribution which finally oscillates around the chain's center for t 10 4 . The evolution of m 2 is quite similar for the two cases and is found to saturate around the same value m 2 ≈ 10 Regarding the chaoticity in this regime, Λ(t) shown in Fig. 3(g Fig. 3 ] and the number of gaps in the chain [33] saturate to the same values for both excitations suggests that the system finally reaches an equilibrium state characterized by equipartition of energy. To verify this assumption, we use the spectral entropy S(t) defined by [38] :
where w k are weights given by the fraction of the total harmonic energy E k in the k-th normal mode, i.e. w(k) = E k / N k=1 E k , or more conveniently the normalized spectral entropy
where S max is the maximum measured entropy. η = 1 indicates that all the energy remains in the initially excited modes, while η = 0 denotes equipartition. From the evolution of η(t) in Fig. 3 (h) we observe that after some relaxation time η(t) saturates to a value η ≈ 0.01 for both initial excitations. This behavior strongly supports the assumption that a final equilibrium state, characterized by energy equipartition with the same statistical characteristics for any initial condition with the same total energy, is reached. Importantly, this is not the case in the weakly nonlinear regime where only for some initial excitations at a given energy an equipartition is reached, similar to what was observed in [39] .
In this work we studied the chaotic behavior of a finite, strongly disordered granular chain for single bead initial displacements. Based on the spatio-spectral properties of the corresponding harmonic chain we were able to identify excitations which lead, for moderate energies, to long-lived, chaotic Anderson-like localized motion. In addition, we showed that for sufficiently strong initial excitations the coexistence of anharmonic nearest neighbors nonlinearities and gaps lead to a chaotic destruction of localization, and the system finally reaches the same equilibrium state of energy equipartition for all initial conditions with the same energy.
G.T. acknowledges financial support from FP7-CIG (Project 618322 ComGranSol). Ch.S. acknowledges support by the National Research Foundation of South Africa (IFRR and CPRR Programmes) and thanks LAUM for its hospitality during his visit when part of this work was carried out.
